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Abstract
Effective theory of fluctuations based on underlying symmetry plays a very important role in understanding
the low energy phenomena. Using this powerful technique we study the fluctuation dynamics keeping in
mind the following central question: does the effective theory of black hole provide any information about
the possible existence of hair? Assuming the symmetry of the hair being that of the underlying black
hole space-time, we start by writing down the most general action for the background and the fluctuation
in the effective field theory framework. Considering the Schwarzschild and Schwarzschild de Sitter black
hole background with a spherically symmetric hair we derived the most general equation of motion for
the fluctuation. For a particular choice of theory parameters, quasinormal modes corresponding to those
fluctuations appeared to have distinct features compared to that of the usual black hole quasinormal modes.
The background equations from the effective theory Lagrangian, on the other hand, seemed to suggest that
the underlying theory of the hair under consideration should be higher derivative in nature. Therefore as a
concrete example, we construct a class of higher derivative scalar field theory which gives rise to spherically
symmetric hair through background cosmological constant. We also calculate the quasinormal modes whose
behaviour turned out to be similar to the one discussed from the effective theory.
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I. INTRODUCTION
General theory of relativity has been proved to be very successful in explaining a large variety
of gravitational phenomena in a wide range of length scales. The theory also provides us with a
class of vacuum solutions which are called black holes. Black holes are the most fascinating objects
in general relativity which has not been clearly understood from different aspects despite having
a long history of various path-breaking researches. On the other hand, it is believed to be the
simplest object in our universe, which is characterised by only three parameters: mass, charge and
angular momentum. Over the years, it has also been understood that those are the only three
charges which a black hole can carry. In black hole physics, this is known as black hole no-hair
theorem [1, 2]. A large amount of work has been done in the literature on the possible existence
of hairy black holes for various different kind of theories. Let us particularly mention a class of
modified gravity theories [3] which has gained significant attention in the recent past because of
their applicability in various physical contexts. The existence of black hole hairs has been discussed
in those type of theories quite extensively in [4–6]. We will also discuss a particular class of these
theories in the present paper. Having talked about an extensive research area in the domain of black
hole physics, it has to be admitted that all those endeavours towards understanding black holes are
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mostly confined within the theoretical regime, without much to do with the observation. Thanks
to the recent breakthrough on the observational front in gravitational waves [7, 8] originating from
the merger of supermassive black holes in a binary, has finally opened up the exciting possibility
of verifying as well as understanding those large volume of theoretical works and most importantly
in understanding the deeper underlying principles of the nature of space time. All the studies
on black holes so far were model dependent, where one considers a specific theory of gravity and
its black hole solutions. On the other hand, when it comes to observations, all the observable
quantities are based upon the properties of fluctuations around the black hole background without
much to do with a specific theory of gravity. This motivates us to understand black holes in an
effective field theory framework. As the name suggests, it will be a model-independent description
of fluctuations around a black hole space time. In this paper, our analysis will be focused on
the following question: does the effective theory of black holes provide any information about the
possible existence of hair? Our study of possible hairy black hole solutions will be valid for a class
of asymptotically flat and dS black holes. As has been pointed out before, black holes with hair
is a subject of intense research for the past many years. For a very interesting short review, the
reader is referred to [9] and references therein.
The effective field theory approach has been proved to be a universal tool to understand low en-
ergy phenomena in many areas of physics. One particularly interesting application of this approach,
which has gained significant attention in the recent past, is the effective theory of inflation [10].
The idea behind this theory was to understand the model independent dynamics of fluctuation in a
time-dependent inflaton background. The most important ingredient is the spontaneous breaking
of time translation symmetry by the inflaton. Motivated by this, we initiated the present work.
Our basic underlying assumption in this work would be to consider the existence of a hairy black
hole which breaks spatial translation symmetry. For a generic theory, a non-trivial background
solution always breaks a certain amount of symmetry of the underlying theory. For a theory of
gravity, diffeomorphism is the basic underlying symmetry. The existence of non-trivial black hole
hair will break the aforementioned symmetry. Therefore, the main idea in our approach will be to
write down all possible terms in the effective Lagrangian which obey the residual diffeomorphism
symmetry in the above mentioned hairy black hole background.
For our present study, we will consider the simplest situation where the background is a spher-
ically symmetric black hole with the hair having the same symmetry. The origin of the hair in
the effective field theory framework is not important for our study. More general situations will
be discussed in our future publications. Before we embark on our analysis, let us mention some
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independent studies on fluctuations in the black hole background. In reference [11], the authors
have studied the fluctuation dynamics in static black hole background considering the less sym-
metric situation with angular diffeomorphism invariance. This, in principle, will lead to more than
one degrees of freedom as opposed to the case considered in our current paper for a hairy black
hole. In another work [12], more elaborate formalism has been developed irrespective of specific
hairy background and it is valid even for non-hairy black holes. However, to achieve the full dif-
feomorphism invariant action the formalism requires to start with a large number of independent
parameter and then systematic analysis needs to be performed to finally reduce the number of
parameters. While we were studying properties of fluctuations in a hairy black hole background
based on the formalism used in effective theory of inflation, the paper [13] came up where the same
formalism has been considered and it studied the properties in greater detail.
We organise our paper as follows: in section-II, we write down the most general Lagrangian
for the background and the associated fluctuations assuming r-diffeomorphism symmetry to be
broken by some unknown field. Our goal is to understand the hairy black holes in the effective field
theory framework. Therefore we will assume a spherically symmetric black hole background with
a hair which also inherits the symmetry of the background. By using the well known Stu¨ckelburg
mechanism, we identify the scalar Goldstone mode associated with the broken r-diffeomorphism
symmetry and derive its equation of motion. While deriving the equation, the background naturally
plays a very important role. Therefore, fluctuation equation encodes the information about the
nature of hair in the background. Considering the simplest asymptotically flat/dS/AdS black hole
backgrounds, our effective field theory approach shows that they can support hair which generates
background cosmological constant dynamically. However, it turns out that the theory of the hair,
in general, should be higher derivative in nature. This fact may be intimately tied with the
conventional no-hair theorem, which will be discussed in the future. Considering this observation,
we will construct a specific higher derivative theory of scalar field in the subsequent section. This
section is ended by discussing the qualitative behaviour of the quasinormal modes for the Goldstone
modes which behaves distinctly as opposed to the conventional black hole quasinormal modes.
Interestingly enough, this distinct behaviour also can be seen from our underlying theory discussed
in detail in section-III. In this section, we will discuss a class of higher derivative theory of the
scalar field. The vacuum expectation value of the scalar breaks r-diffeomorphism symmetry with a
background cosmological constant. With this background, we study the behaviour of quasinormal
modes. Finally, we finish the paper with the conclusion and future directions.
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II. EFFECTIVE FIELD THEORY SETUP
In this section, we will formulate the theory. As already mentioned, we assume there exists
a hairy black hole with spherical symmetry. It naturally breaks the r-diffeomorphism symmetry.
Therefore, without requiring any specific model of gravity, we can write down the most generic
Lagrangian which will be invariant under the residual diffeomorphism symmetry. Under the resid-
ual symmetry transformation x′i = xi + ξi, the list of covariant quantities contains grr and all
the geometrical objects defined on an arbitrary r = constant hypersurface, namely the extrinsic
curvature Kµν , three-dimensional Ricci scalar R(3). However, one important point we missed is
the degree of symmetry of the r-constant hypersurface which is not maximally symmetric. The
spatially flat cosmological background is one example where t-constant hypersurface is maximally
symmetric. Therefore, for any spherically symmetric background, the extrinsic curvature Kµν of
r-constant hyper-surface does not become proportional to the induced metric. As a result, one
needs to consider the rotational symmetry and general time reparametrisation invariance sepa-
rately as pointed out and discussed in detail in the reference [13]. Therefore, in the framework of
effective field theory, we need a large number of independent parameters compared to that of the
extremal case to understand the dynamics of fluctuation in the hairy black hole background. With
these important points and ingredients, the most generic Lagrangian for the background and the
fluctuation can be expressed as
S =
∫
d4x
√−g
{
M2Pl
2
R− Λ(r)− c(r)grr − α(r)K¯µνKµν + 1
2!
M2(r)
4(δgrr)2 +
1
3!
M3(r)
4(δgrr)3
− M¯1(r)
3
2
(δgrr)(δKµ µ) + M¯
2
4 (r)K¯µνδg
rrδKµν +M25 (r)(∂rδg
rr)2 +M26 (r)(∂rδg
rr)δKβ β
+M27 (r)K¯αβ(∂rδg
rr)δKαβ +
mˆ22(r)
8
gµν∂µ(δg
rr)∂ν(δg
rr)− M¯2(r)
2
2
(δKµ µ)
2
− M¯3(r)
2
2
δKµ νδK
ν
µ +M11(r)K¯µνδK
β
βδK
µν +M12(r)K¯µνδK
µρδKν ρ
+ λ1(r)K¯µρK¯
ρ
νδK
β
βδK
µν − mˆ
2
1(r)
2
δgrrδR(3) +M14(r)K¯µνδgrrδRµν(3)
}
. (1)
All the parameters take care of the dimensions of the corresponding term and all of them are
functions of r. The background of extrinsic curvature is given by K¯µν =
1
2
g′µν√
g(r)
. The above
action contains all the possible terms at the quadratic level. The interested reader can find a
very good description of why these are the only terms possible in the appendix of [13]. In the
following discussion, we will keep up to the fourth derivative order of the fluctuation. For the
above general Lagrangian, we consider the following form of the spherically symmetric hairy black
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hole background:
ds2 = −f(r)dt2 + g(r)dr2 +R(r)dΩ2 ; φ ≡ φ0(r). (2)
At this point, let us mention that φ represents the hair, whose explicit nature is not important
to us. Because of r-diffeomorphism symmetry of the underlying theory, one can always choose
unitary gauge, δφ = 0 such that the extra scalar degree of freedom is eaten in the metric and
manifest itself as a gravitational degree of freedom which we parametrised by the fluctuation of the
metric δgrr = grr − 1/g(r), and consequently we can express all the covariant geometric quantities
defined on r-constant hypersurface in terms of those metric fluctuations. Based on these general
arguments, the first four terms in the above action encodes the information about the hairy black
hole background given in Eq. (2). Since the coefficient of arbitrary linear fluctuation is proportional
to the equation of motion, the rest of the terms in the Lagrangian will start from quadratic order
in fluctuation. Hence unperturbed background will be parametrised by three unknown functions
Λ(r), c(r) and α(r), and associated stress-energy tensor can be expressed as
Tµν =− 2√−g
δS
δgµν
= −gµν
[
c(r)grr + Λ(r) + α(r)KαβK
αβ
]
+ 2c(r)δrµδ
r
ν − α(r)KαβKαβnµnν
−∇β
(
α(r)Kβ µnν
)−∇β(α(r)Kβ νnµ)+∇β(α(r)Kµνnβ). (3)
By using the Einstein’s equation Rµν− 12Rgµν = (1/M2Pl)Tµν , the expressions for the two unknown
parameters (Λ(r), c(r)) turn out to be
Λ(r) =
M2Pl
g(r)
(
− f
′(r)R′(r)
4f(r)R(r)
+
g′(r)R′(r)
4g(r)R(r)
+
g(r)
R(r)
− R
′′(r)
2R(r)
)
−
(
f ′2(r)
2f2(r)
+
f ′(r)g′(r)
4g3/2(r)
√
f(r)
− f
′(r)R′(r)
4f(r)R(r)
+
R′2(r)
4R2(r)
− f
′′(r)
4f(r)
)
α(r)
g(r)
+
f ′(r)
2f(r)g(r)
α′(r), (4)
c(r) =
M2PlR
′(r)
4R(r)
(
f ′(r)
f(r)
+
g′(r)
g(r)
− R
′′(r)
2R(r)
+
R′2(r)
R2(r)
)
−
(
f ′2(r)
2f2(r)
+
f ′(r)g′(r)
4g3/2(r)
√
f(r)
− f
′(r)R′(r)
4f(r)R(r)
+
R′2(r)
4R2(r)
− f
′′(r)
4f(r)
)
α(r)+
f ′(r)
4f(r)
α′(r). (5)
Equation for α(r) satisfies the following constraint equation,(
f ′(r)
f(r)
− R
′(r)
R(r)
)
α′(r) +
(
f ′′(r)
f(r)
− f
′2(r)
2f2(r)
− R
′′(r)
R(r)
− f
′(r)g′(r)
2g3/2(r)
√
f(r)
+
f ′(r)R′(r)
2f(r)R(r)
+
g′(r)R′(r)
2g(r)R(r)
+ 2
g(r)
R(r)
)(
M2Pl + α(r)
)
+
(
R′2(r)
R2(r)
− f
′2(r)
f2(r)
− 2 g(r)
R(r)
)
α(r) = 0. (6)
For a given black hole background, α(r) can take different solutions, which essentially encodes
the information about the hair and the underlying gravity theory. For simplicity we will take the
trivial solution of the Eq.6 i.e α(r) = 0, provided we satisfy the following constraint:(
f ′′(r)
f(r)
− f
′2(r)
2f2(r)
− R
′′(r)
R(r)
− f
′(r)g′(r)
2g3/2(r)
√
f(r)
+
f ′(r)R′(r)
2f(r)R(r)
+
g′(r)R′(r)
2g(r)R(r)
+ 2
g(r)
R(r)
)
= 0. (7)
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In this paper, we will be considering mainly Schwarzschild, Schwarzschild-AdS and Schwarzschild-
dS background solutions. One can check that for those backgrounds, Eq.7 is automatically satisfied.
We will consider the more general cases involving α elsewhere. Considering the above background
effective theory parameters, we are now in a position to consider the fluctuation dynamics, which is
the quantity one experimentally observes. By using the diffeomorphism symmetry, in the next sec-
tion, we will identify the Goldstone boson mode and its dynamical equation in the aforementioned
hairy black hole background.
A. Stu¨ckelberg mechanism: Goldstone boson mode
We have already discussed the extra scalar degree of freedom is contained in the r-
diffeomorphism broken Lagrangian given by Eq.2. As emphasised before, in the last section, we
have expressed the r-symmetry broken Lagrangian (Eq.1) in unitary gauge. Therefore, the asso-
ciated Goldstone mode is absorbed inside the gravitational degrees of freedom. The well known
Stu¨ckelberg mechanism is all about extracting the aforesaid Goldstone mode by unfolding the uni-
tary gauge. By this, one also can restore the r-symmetry which will be non-linearly realised by the
mode. In order to restore the symmetry, one reparametrises again the broke symmetry as:
r → r˜ = r + pi(xµ), (8)
t→ t˜ = t , xi → x˜i = xi, (9)
which will transform the background scalar field φ0(r) as
φ0(r˜) = φ0(r) + φ
′
0(r)pi. (10)
Therefore, by using this trick we can restore the r-diffeomorphsim symmetry by considering the
following combined transformations:
r → r + ξr ; pi(x)→ pi(x)− ξr, (11)
and simultaneously extract the dynamical degrees of freedom as pi(x) field which is identified as
the Goldstone boson mode. Using these new coordinates, we separate out the Goldstone boson
mode considering all transformed quantities:
g˜αβ = gαβ + δβr g
αν∂νpi + δ
α
r g
µβ∂µpi + δ
α
r δ
β
r g
µν∂µpi∂νpi, (12)
g˜µν = gµν − grν∂µpi − gµr∂νpi + grr∂µpi∂νpi, (13)
∂˜r =
(− ∂rpi + (∂rpi)2)∂r + ∂r, (14)
7
∂˜i¯ = (−∂i¯pi + ∂i¯(pi∂rpi))∂r + ∂i¯, (15)
δK˜i¯j¯= −K¯ ′¯ij¯pi +
1√
grr
∇i¯∂j¯pi. (16)
While calculating the action, in the present paper we will consider terms up to quadratic order
in the pi field. At this level, the tensor mode will not be coupled with the scalar mode. Therefore,
the tensor mode analysis will be done separately. However, the reader can see the reference [13]
for details on this issue. Higher order interaction terms will be considered separately. Specifically,
it would be interesting to understand the correction to the quasinormal modes taking into account
loop effect. Finally the covariant quadratic Lagrangian for the Goldstone boson turns out to be,
Lpipi = 1
4
c(r)gµν∂µpi∂νpi − 1
2
(
Λ′′(r)− c
′′(r)
4g(r)
+
α′′(r)
4g(r)
gi¯l¯gk¯j¯∂rgl¯k¯∂rgi¯j¯
)
pi2 +
c′(r)
2g(r)
pi∂rpi
+
2M2(r)
4
g2(r)
(∂rpi)
2−α(r)
4
gi¯m¯gn¯j¯∂rgm¯n¯
[
− 1
g(r)
∂r
(
g(r)∂i¯pi∂j¯pi
)
+
gαβ
2
∂rgi¯j¯∂αpi∂βpi
+g l¯k¯∂k¯pi(∂i¯pi∂rgl¯j¯ + ∂j¯pi∂rgi¯l¯ − ∂l¯pi∂rgi¯j¯)
]
−α
′(r)
2
gi¯l¯gk¯j¯∂rgl¯k¯pi∇i¯∂j¯pi
− 1
2
M¯2(r)
2g(r)
(
¯pi
)2 − 1
2
M¯3(r)
2g(r)gi¯k¯g l¯j¯
[∇i¯∂l¯pi][∇k¯∂j¯pi]− M¯1(r)3√
g(r)
∂rpi(¯pi)
−1
2
(
M¯2(r)
2K¯ ′¯i i¯K¯
′j¯
j¯ + M¯3(r)
2K¯ ′¯i j¯K¯
′j¯
i¯
)
pi2 + M¯2(r)
2K¯ ′¯i i¯
√
g(r)pi¯pi
+M¯3(r)
2K¯ ′¯i j¯
√
g(r)pi∇j¯∂i¯pi + M¯1(r)3
K¯ ′¯i i¯
g(r)
pipi′ − M¯4(r)2
K¯i¯j¯K¯
′¯ij¯
g(r)
pipi′ − 2M26 (r)K¯ ′¯i i¯∂r
(
∂rpi
g(r)
)
pi
+
M11(r)
2
∂rgl¯k¯
(
K¯ ′¯i i¯K¯
′l¯k¯pi2 − K¯ ′¯i i¯
√
g(r)pi∇l¯∂k¯pi − K¯ ′l¯k¯
√
g(r)pi¯pi
)
+
M12(r)
2
∂rgi¯l¯
(
K¯ ′l¯k¯K¯ ′¯i k¯pi
2 − 2K¯ ′l¯k¯
√
g(r)pi∇i¯∂k¯pi
)
+
λ1(r)
4
∂rgi¯l¯∂rgm¯j¯g
l¯m¯
(
K¯ ′k¯ k¯K¯
′¯ij¯pi2 − K¯ ′k¯ k¯
√
g(r)pi∇i¯∂ j¯pi − K¯ ′¯ij¯
√
g(r)pi¯pi
)
+
mˆ22(r)
2g5(r)
g′(r)2(∂rpi)2 +
mˆ22(r)
2g3(r)
(∂2rpi)
2 − mˆ
2
2(r)
g4(r)
g′(r)∂rpi∂2rpi +
mˆ22(r)
2g2(r)
gi¯j¯(∂r∂i¯pi)(∂r∂j¯pi)
− M¯24 (r)gi¯l¯gk¯j¯∂rgl¯k¯∂rpi∇i¯∂j¯pi +
λ1(r)
4
∂rgi¯j¯∂rgn¯l¯g
j¯n¯gi¯o¯g l¯s¯¯pi∇o¯∂s¯pi
+4M25 (r)
[
∂r
(
∂rpi
g(r)
)]2
+ 2M26 (r)
√
g(r)∂r
(
∂rpi
g(r)
)
¯pi −M7(r)gi¯l¯gk¯j¯∂rgl¯k¯∂r
(
∂rpi
g(r)
)
∇i¯∂j¯pi
+
M11(r)
2
√
g(r)∂rgi¯j¯g
i¯m¯gj¯n¯¯pi∇m¯∂n¯pi + M12(r)
2
√
g(r)∂rgi¯j¯g
i¯n¯g l¯k¯gj¯m¯∇n¯∂k¯pi∇m¯∂l¯pi
−
(
mˆ21(r)
g(r)
gi¯j¯ +M14(r)(g
rr)3/2ga¯¯igb¯j¯∂rga¯b¯
)
∂rpi
[
− ∂l¯pi∂rΓl¯i¯j¯ + ∂j¯pi∂rΓl¯i¯l¯ − ∂l¯
(
g l¯k¯∂i¯pi∂rgk¯j¯
)
+∂j¯
(
g l¯k¯
2
(
∂i¯pi∂rgk¯l¯ + ∂l¯pi∂rgi¯k¯
))− gm¯k¯(∂i¯pi∂rgk¯j¯)Γl¯l¯m¯ − g l¯k¯2 (∂l¯pi∂rgk¯m¯ + ∂m¯pi∂rgl¯k¯)Γm¯i¯j¯
+
gm¯k¯
2
(
∂i¯pi∂rgk¯l¯ + ∂l¯pi∂rgi¯k¯
)
Γl¯j¯m¯ +
g l¯k¯
2
(
∂j¯pi∂rgk¯m¯ + ∂m¯pi∂rgj¯k¯
)
Γm¯i¯l¯
]
, (17)
where ¯ = gi¯j¯∇i¯∂j¯ and i¯, j¯ = 0, 2, 3. In the above Lagrangian, there exists higher time derivative
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terms such as (p¨i2,
...
pi 2, p˙i
...
pi ). In general, those terms may contribute to unwanted ghosts, leading to
instability, unless we fine tune the model parameters in such a way that at the equation of motion
level it cancels all the higher derivative terms. For simplicity of our calculation, in order to remove
the ghost we impose the following straightforward constraints on our effective theory parameters:
M¯2(r)
2 = −M¯3(r)2 and M11(r) = −M12(r) .
In the present work, as mentioned, we will consider simple cases where the background space
time is asymptotically flat and de Sitter with scalar hair from the effective theory perspective. From
the action, we can clearly see that the leading order kinetic term for the scalar field fluctuation
is coming from the background c(r) function. However, an important observation which will
be discussed in detail in the subsequent section is that the c(r) function becomes zero in the
asymptotic region for asymptotically flat/dS/AdS black holes. Therefore, fluctuating Goldstone
boson mode seems to become strongly coupled as one goes towards the asymptotic region of the
black holes under consideration. This fact may have some interesting connection with the no-
hair theorem, which we plan to study in the future. For the case of asymptotically AdS black
holes, a hairy solution with the minimally coupled scalar field was first found for 2+1 dimensional
black hole in [14] and in 2004 hairy solution for 3+1 dimensional black hole was found in [15].
In both of these cases the well known Breitenlohner-Freedman (BF) bound [17] is satisfied and
this guarantees that global AdS spacetime is stable under perturbations. While in the case of
[16], one needs to introduce local instability, specifically near the horizon either by introducing
electromagnetic coupling or considering the mass of the real scalar field violating Breitenlohner-
Freedman (BF) bound. For our present purpose, we will not be considering those situations.
However, we can realise an interesting special case when the function c(r) is zero throughout
the region of the black hole space-time. Our Lagrangian seems to suggest that we still can have
Goldstone boson fluctuations, whose dynamics will be controlled by the set of effective theory
parameters (Mi, M¯i, mˆi). Therefore, pure flat/dS/AdS metric can support the hair having the
same symmetry as that of the black holes with well-behaved fluctuation. However, for these cases,
the cosmological constant will be generated dynamically from the shift symmetry breaking scalar
hair solution. In the subsequent sections, we will study in detail two special cases.
B. dS, AdS and flat Schwarzschild limit
Our goal of this section would be to understand the details about the special cases we mentioned
at the end of the previous section. Given the second order action for the Goldstone mode, it will
be difficult to understand the fundamental properties of Goldstone mode. We therefore, restrict
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our discussion to very specific black hole backgrounds which are widely studied in the literature.
Our major discussion will mainly be focused on asymptotically dS/flat Schwarzschild black holes.
However, AdS case will be briefly discussed for completeness. We consider the following background
metric components,
f(r) = 1− 2Mr +  r
2
l2c
, (18)
g(r) =
(
1− 2Mr +  r
2
l2c
)−1
, (19)
R(r) = r2 ; φ = φ0(r), (20)
where,  = (−1, 1, 0) correspond to asymptotically AdS, dS and flat Schwarzschild black holes
respectively. For these metric functions, the background parameters of our effective field theory
Eq.4 and Eq.5 turns out to be Λ(r) = − 3
l2c
, c(r) = 0 and α(r) = 0. Important to notice that
the background cosmological constant is induced dynamically from the background scalar field.
Any bare value of the cosmological constant can therefore be absorbed in the scalar field vacuum
expectation value and the effective cosmological constant would be Λ(r), which is constant.
In this limit the quadratic action for the scalar fluctuation boils down to the following expression:
Lpipi = 2M2(r)
4
g2(r)
(∂rpi)
2 +
1
2
M¯3(r)
2g(r)
(
¯pi
)2 − 1
2
M¯3(r)
2g(r)gi¯k¯g l¯j¯
[∇i¯∂l¯pi][∇k¯∂j¯pi]
− M¯1(r)
3√
g(r)
∂rpi(¯pi) +
mˆ22(r)
2g5(r)
g′(r)2(∂rpi)2 +
mˆ22(r)
2g3(r)
(∂2rpi)
2 − mˆ
2
2(r)
g4(r)
g′(r)∂rpi∂2rpi
+
mˆ22(r)
2g2(r)
gi¯j¯(∂r∂i¯pi)(∂r∂j¯pi)−M¯24 (r)gi¯l¯gk¯j¯∂rgl¯k¯∂rpi∇i¯∂j¯pi + 4M25 (r)
[
∂r
(
∂rpi
g(r)
)]2
+2M26 (r)
√
g(r)∂r
(
∂rpi
g(r)
)
¯pi −M7(r)gi¯l¯gk¯j¯∂rgl¯k¯∂r
(
∂rpi
g(r)
)
∇i¯∂j¯pi
−M12(r)
2
√
g(r)∂rgi¯j¯g
i¯m¯gj¯n¯¯pi∇m¯∂n¯pi + M12(r)
2
√
g(r)∂rgi¯j¯g
i¯n¯g l¯k¯gj¯m¯∇n¯∂k¯pi∇m¯∂l¯pi
−
(
mˆ21(r)
g(r)
gi¯j¯ +
M14(r)
g3/2(r)
ga¯¯igb¯j¯∂rga¯b¯
)
∂rpi
[
− ∂l¯pi∂rΓl¯i¯j¯ + ∂j¯pi∂rΓl¯i¯l¯ − ∂l¯
(
g l¯k¯∂i¯pi∂rgk¯j¯
)
+∂j¯
(
g l¯k¯
2
(
∂i¯pi∂rgk¯l¯ + ∂l¯pi∂rgi¯k¯
))− gm¯k¯(∂i¯pi∂rgk¯j¯)Γl¯l¯m¯ − g l¯k¯2 (∂l¯pi∂rgk¯m¯ + ∂m¯pi∂rgl¯k¯)Γm¯i¯j¯
+
gm¯k¯
2
(
∂i¯pi∂rgk¯l¯ + ∂l¯pi∂rgi¯k¯
)
Γl¯j¯m¯ +
g l¯k¯
2
(
∂j¯pi∂rgk¯m¯ + ∂m¯pi∂rgj¯k¯
)
Γm¯i¯l¯
]
+
λ1(r)
4
∂rgi¯j¯∂rgn¯l¯g
j¯n¯gi¯o¯g l¯s¯¯pi∇o¯∂s¯pi−λ1(r)
4
∂rgi¯l¯∂rgm¯j¯g
l¯m¯
(
K¯ ′k¯ k¯
√
g(r)∇i¯∂ j¯pi + K¯ ′¯ij¯
√
g(r)¯pi
)
pi
+
[
M¯3(r)
2
2
(
K¯ ′¯i i¯K¯
′j¯
j¯ − K¯ ′¯i j¯K¯ ′j¯ i¯
)
+
M12(r)
2
(
∂rgi¯l¯K¯
′l¯k¯K¯ ′¯i k¯ − ∂rgl¯k¯K¯ ′¯i i¯K¯ ′l¯k¯
)
+
λ1(r)
4
∂rgi¯l¯∂rgm¯j¯g
l¯m¯K¯ ′k¯ k¯K¯
′¯ij¯
]
pi2+M¯1(r)
3 K¯
′¯i
i¯
g(r)
pipi′ − M¯3(r)2K¯ ′¯i i¯
√
g(r)pi¯pi
+M¯3(r)
2K¯ ′¯i j¯
√
g(r)pi∇j¯∂i¯pi − M¯4(r)2
K¯i¯j¯K¯
′¯ij¯
g(r)
pipi′ − 2M26 (r)K¯ ′¯i i¯∂r
(
∂rpi
g(r)
)
pi
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+
M12(r)
2
∂rgl¯k¯
(
K¯ ′¯i i¯
√
g(r)∇l¯∂k¯pi + K¯ ′l¯k¯
√
g(r)¯pi
)
pi−M12(r)∂rgi¯l¯K¯ ′l¯k¯
√
g(r)pi∇i¯∂k¯pi. (21)
Our plan is to understand the properties of hairs from the effective field theory perspective.
So far the usual approach to figure out the hairy black hole solutions was from the back-
ground effective field theory. In the present approach, we consider the effective theory of
fluctuations. Most importantly, our starting point is the existence of background scalar hair
which enjoys the same symmetry as that of the black holes. Importantly, this was one of the
main criteria of the black hole no-hair theorem. Our study is based on the idea of the ef-
fective theory of inflation. In the inflation model, the approximate shift symmetry plays a
very important role in constraining the theory parameters, which can be assumed to be time-
independent and study the properties of fluctuation. However, for present case we do not have
special symmetry which can help us to understand the nature of the effective theory parameters
(M2(r)
4, M¯3(r)
2, M¯31 (r), mˆ
2
2(r), M¯
2
4 (r),M
2
5 (r),M
2
6 (r),M7(r),M12(r),M14(r), λ1(r), mˆ
2
1(r)). Form
the structure of our action we can proceed to construct the theory for a background which we
will do in the next section. It is clear from our action that for three different asymptotic limits we
may have hair with its detectable fluctuating degrees of freedom identified as pi(x) field. In order
to understand further, let us consider following decomposition of pi = e−iωtS(r)Ylm(θ, φ), and the
equation of motion for S(r) turns out to be
4
d
dr
(
M2(r)
4f2(r)r2
dS(r)
dr
)
+mˆ21(r)
[
f ′(r)
f(r)
r2ω2 −
(
f ′(r)
2
+
f(r)
r
)
l(l + 1)
]
S′(r)
− d
dr
(
mˆ22(r)r
2f(r)
dS(r)
dr
)
ω2 +
d
dr
(
mˆ22(r)f
2(r)
dS(r)
dr
)
l(l + 1)
− d
2
dr2
[
r2mˆ22(r)f
3(r)
d2S(r)
dr2
+ r2mˆ22(r)f
′(r)f2(r)
dS(r)
dr
]
+ Vl(r)S(r)
+
d
dr
[
r2mˆ22(r)f(r)f
′(r)2
dS(r)
dr
+ r2mˆ22(r)f
′(r)f2(r)
d2S(r)
dr2
]
+8
d
dr
[
r2M25 (r)f
′(r)
d
dr
(
S′(r)f(r)
)]− 8 d2
dr2
[
r2M25 (r)f(r)
d
dr
(
S′(r)f(r)
)]
−4M26 (r)
f ′(r)
f1/2(r)
l(l + 1)S′(r)− 4 d
dr
[
r2
M26 (r)ω
2
f1/2(r)
]
S′(r)−4M
2
6 (r)r
2ω2
f1/2(r)
S′′(r)
+4
d
dr
[
M26 (r)f
1/2(r)
]
l(l + 1)S′(r) + 2
d
dr
[
M7(r)
f ′(r)
f(r)
r2ω2
]
S′(r) + 2M7(r)
f ′(r)
f(r)
r2ω2S′′(r)
−4 d
dr
(
M7(r)
f(r)
r
)
l(l + 1)S′(r)− 4
r
M7(r)f(r)l(l + 1)S
′′(r)−2M26 (r)K¯ ′¯i i¯r2∂r
(
S′(r)f(r)
)
+M14(r)f
3/2(r)
[
2f ′(r)
f2(r)
rω2 −
(
f ′(r)
rf(r)
+
2
r2
)
l(l + 1)
]
S′(r)
+
[
M¯3(r)
2
(
K¯ ′¯i i¯K¯
′j¯
j¯ − K¯ ′¯i j¯K¯ ′j¯ i¯
)
+M12(r)
(
∂rgi¯l¯K¯
′l¯k¯K¯ ′¯i k¯ − ∂rgl¯k¯K¯ ′¯i i¯K¯ ′l¯k¯
)
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+
λ1(r)
2
∂rgi¯l¯∂rgm¯j¯g
l¯m¯K¯ ′k¯ k¯K¯
′¯ij¯
]
r2S(r)− d
dr
(
M¯1(r)
3r2K¯ ′¯i i¯f(r) + M¯4(r)
2r2K¯i¯j¯K¯
′¯ij¯f(r)
)
S(r)
=
[
M¯3(r)
2r2
K¯ ′¯i i¯
f3/2(r)
+
λ1(r)
4
∂rgi¯l¯∂rgk¯j¯g
l¯k¯r2
K¯ ′¯ij¯
f3/2(r)
+
d
dr
(
M¯31 (r)r
2√
f(r)
)
+
d
dr
(
mˆ21(r)r
2 f
′(r)
f(r)
)
+
d
dr
(
r2M24 (r)
f ′(r)
f2(r)
)
− 2 d
dr
(
r2M26 (r)
f ′(r)
f3/2(r)
)
− d
dr
(
r2M7(r)
f ′2(r)
f2(r)
)
− d
2
dr2
(
r2M7(r)
f ′(r)
f(r)
)
+ 2
d
dr
(
rM14(r)
f ′(r)
f1/2(r)
)]
ω2S(r), (22)
where, ω is identified as the frequency of the mode and l is the multipole number corresponding
to the mode. Vl(r) is called the “effective potential” which takes the following form,
Vl(r) =
[
M¯3(r)
2 K¯
′¯i
i¯
f1/2(r)
+
λ1(r)
4
∂rgi¯l¯∂rgk¯j¯g
l¯k¯ K¯
′¯ij¯
f1/2(r)
− M¯3(r)
2
r2f(r)
− d
dr
(
M¯31 (r)
√
f(r)
)
+
d
dr
(
mˆ21(r)
(f ′(r)
2
+
f(r)
r
))
+
λ1(r)
r4
+
d
dr
(
M24 (r)
r
)
−2 d
dr
(
M26 (r)
f ′(r)
f1/2(r)
)
+ 2
d2
dr2
(
M26 (r)f
1/2(r)
)
+ 2
d
dr
(
M7(r)
f ′(r)
r
)
−2 d
2
dr2
(
M7(r)
f(r)
r
)
+2
M12(r)
r3
√
f(r)
+ 2
d
dr
(
M14(r)
f3/2(r)
r
( f ′(r)
2f(r)
+
1
r
))]
l(l + 1). (23)
One can clearly identify an important difference between the above fluctuation equation and the
usual black hole linear perturbation equation for the scalar mode. The above structure of the
effective equation seems to suggest that the underlying theory for the black hole scalar hair should
be higher derivative in nature and therefore, in general, may not be stable under small fluctuation.
Hence, it would be important to understand the underlying theory for the scalar hair from the
effective theory perspective. This is what we are going to study in the next section. To this end
let us emphasise the fact that for a given set of theory parameters we can in principle solve the
above fluctuation equation and compute the quasinormal frequencies.Therefore, as emphasised, we
will restrict our study based on some assumptions which transform our complicated equation into
simplified form. This assumptions and restrictions may be able to capture the qualitative nature
of the quasi-normal frequencies, which we will discuss subsequently. Considering all parameters to
be zero except M2(r), M¯1(r) and M¯3(r), we get a simplified equation as
4
d
dr
(
M2(r)
4f2(r)r2
dS(r)
dr
)
+ V0(r)S(r)
=
[
M¯3(r)
2
(
r2
f ′′(r)
2f2(r)
− r2 f
′2(r)
4f3(r)
+ r
f ′(r)
f2(r)
− 2
f(r)
)
+
d
dr
(
M¯31 (r)r
2√
f(r)
)]
ω2S(r). (24)
The potential V0(r) is
12
V0(r)= M¯3(r)
2
(
r
f ′′(r)f ′(r)
f(r)
− 2f
′′(r)
f1/2(r)
− r f
′3(r)
2f2(r)
+
3f ′2(r)
2f(r)
+
2f(r)
r2
− 2f
′(r)
r
)
− d
dr
[
M¯1(r)
3
(
r2
f ′′(r)f1/2(r)
2
− r2 f
′2(r)
4f1/2(r)
+ rf ′(r)f1/2(r)− 2f3/2(r)
)]
+
[
M¯3(r)
2
(
f ′′(r)
2f(r)
− f
′2(r)
4f2(r)
+
f ′(r)
rf(r)
− 2
r2
− 1
r2f(r)
)
− d
dr
(
M¯31 (r)
√
f(r)
)]
l(l + 1) (25)
If one introduces the following coordinate transformation, dr∗ = dr/(2M2(r)4f2(r)r2), then above
equation transforms into
d2S
dr∗2 + (ω
2
eff − Veff )S = 0, (26)
where, the effective potential and the effective frequency spectrum are expressed as
ω2eff = −M2(r)4f2(r)r2
[
M¯3(r)
2
(
r2
f ′′(r)
2f2(r)
− r2 f
′2(r)
4f3(r)
+ r
f ′(r)
f2(r)
− 2
f(r)
)
+
d
dr
(
M¯31 (r)r
2√
f(r)
)]
ω2,
(27)
Veff = −M2(r)4f2(r)r2V0(r). (28)
Note the important difference between Eq.26 and usual Regge-Wheeler type black hole perturba-
tion equation. The frequency being effective position dependent frequency function ωeff and the
potential is having complicated parameter dependences. Therefore, an important constraint has
been arrived at from the above equations, which is M¯1 6= 0. We only need to specify two param-
eters to understand the dynamics of fluctuations. Considering the usual definition, the effective
frequency function should be finite in all the region of the radial coordinate. By choosing M¯3 = 0
and selecting the other two parameters appropriately as
M2(r)
4 ∼ − 1
f(r)2r2
, M¯1(r)
3 ∼
√
f(r)
r
, (29)
which enables us to write ωeff and Veff as
ω2eff ∼ ω2, and (30)
Veff ∼ − d
dr
[√
f(r)
r
(
r2
f ′′(r)f1/2(r)
2
− r2 f
′2(r)
4f1/2(r)
+ rf ′(r)f1/2(r)− 2f3/2(r)
)]
− d
dr
(
M¯31 (r)
√
f(r)
)
l(l + 1). (31)
All equations are written up to their dimensional constant. For this parametrisation we also have
r = r∗. One particularly should notice the important difference that the centrifugal term appears
as a multiplicative factor in the expression for the effective potential as opposed to the potential
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for scalar perturbation in the usual black hole background. Some comments are in order for the
complicated structure of the effective potential and the choices of parameters. First of all, it is to
be noted that the ωeff in its most general form is dependent on position. This itself is a problem
for solving the equations of perturbations. The particular choice of the parameters helps one to
write the frequency independent of position and thereby enabling one to use standard methods of
finding the quasinormal frequencies. On the other hand, it is also very difficult to work with the
general form of the equation. Hence, the simplified equation above with the potential (31) can give
us a hint into the behaviour of the black hole towards small perturbations. We will, therefore, look
at the particular potential given in Eq. 31, via WKB approach [18] to gather information about
the nature of the quasinormal frequencies.
There are a few reasons for using the WKB approach to find out quasinormal modes. It is
well known that these modes being the late time responses of the black holes to any linear order
perturbations have already been observed in the gravitational wave signal from the black hole-
black hole or black hole-neutron star mergers in recent gravitational wave detections. Therefore,
the accuracy of calculation of the quasinormal modes is one of the most important issues among
many others, because these modes will give the information of black hole parameters as well as
they will help in constraining possible gravitational theories via observations. It is to be mentioned
here different numerical techniques already are present in the literature to find quasinormal modes
up to the desired accuracy. However, as pointed out clearly in [19], that although these techniques
are mainly based on convergent procedures, the analysis is extremely non-trivial and are different
for different spacetimes. One, therefore, needs different separate numerical procedures to study
different black hole space-times depending on the nature of the master differential equation. WKB
method, on the contrary, provides a unique procedure, which on one hand remains unchanged for
various different master equations and on the other hand, it provides sufficient numerical accuracy
too. Because our goal is to look at different toy models in various black hole backgrounds, we
found the WKB method to be a universal tool to comment about the stability of the space-time.
It has been already shown [19, 20] that when one increases the order in the WKB series from
three to six, the relative error diminishes drastically by a few times or even by orders. However, in
many scenarios, this formula does not allow one to compute quasinormal modes which have n ≥ l
with much accuracy. But, in this work, we have particularly omitted the modes with n ≥ l to get
some idea about the behaviour of the perturbations with sixth order WKB method and keeping
our main target as the understanding of hairy black holes in the effective field theory framework.
The sixth order WKB method developed by Konoplya [20] gives values accurately as one gets
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by performing numerical integration of the master differential equation. The sixth order WKB
formula for a general black hole potential V (r) is given by
l=0l=1
l=2l=3
l=4
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r
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FIG. 1: Left one is a plot of the potential vs radial distance for different l values with n = 0. l increases
from 0 to 4 in steps of 1 from bottom to top. Asymptotically flat Schwarzschild geometry is chosen as the
metric function in the potential (31). The right one is a plot of Re. vs. Im. ω for different values of l.
The red curve has n = 0, blue has n = 1 and black has n = 2, showing clear difference with the standard
behaviour of QN frequencies with multipole number and overtone.
i(ω2 − V (r0))√
−2V ′′(r0)
− Λ2 − Λ3 − Λ4 − Λ5 − Λ6 = n+ 1
2
. (32)
Here, V (r0) is peak value of V (r) , V
′′
(r0) =
d2V
dr2∗
|r=r0 , r0 is the value of the radial coordinate
corresponding to the maximum of the potential V (r) and n is the overtone number. Λi’s are
the higher order WKB correction terms, whose expressions can be found in [20]. Thus, using
the potential Veff given by Eq.31 in Eq.32, we plot (see Fig. (1) and (2)) the nature of the
potential (for arbitrary choices of the parameters), variation of the real and imaginary parts of the
quasinormal frequencies with multiple number l and overtone n. In finding out the quasinormal
frequencies, we have used the asymptotically flat Schwarzschild metric as the metric function in the
effective potential. Note the fundamental difference of the behaviour of the quasinormal frequencies
with changing the overtone (n) and multipole number (l). In general, for the four dimensional
Schwarzschild black hole in asymptotically flat background, the real oscillation frequency decreases
and imaginary part of the frequency increases with increase of the overtone number while the
multipole number is kept fixed. However, in our case, both the real oscillation frequency as well
as the imaginary part of the frequency increases with increase of the overtone. We will see in the
next sections, that this behaviour remains for a specific theory which contains all the information
discussed above.
From the stability point of view, it is well known that the evolution of the perturbations in a
black hole spacetime has three distinct parts: firstly there is a response to perturbations at very
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FIG. 2: Plot of the real and imaginary parts of ω vs multipole number l = 2, 3, 4 and 5 for different n
values. The blue dashed plot corresponds to n = 0, red dotted curve corresponds to n = 1 and black one
corresponds to n = 2.
early times, where the form of the signal depends crucially on the initial conditions, secondly at
an intermediate stage, the signal is dominated by a quasinormal frequencies, i.e. the exponential
decay, also called the ring down phase. The frequency and damping times are determined by the
quasinormal modes. In this particular phase, the signal depends only on the black hole parameters
and finally due to the backscattering of the curvature of the space-time, at late times the propa-
gating wave shows a falloff of the field at the tail phase. This tail phase is completely independent
of the initial data and it persists even if there is no horizon. In this work, we neglect the back
reaction and solely focus on the second part of the perturbative response, i.e. the ringing phase.
For the general case, as we will see in the next section, for a particular underlying model,
it is very difficult to identify the effective potential. More general discussion with the unknown
parameters will be done in a separate paper later.
III. UNDERLYING THEORY
Based on our previous analysis, in this section, we will consider a possible underlying model
which has a hairy solution with the flat/dS black holes. Our approach here will be the same as
the model of ghost condensation [21]. However, an important difference lies in the existence of
spherically symmetric scalar hair. Therefore, the order parameter for spontaneous breaking of
r-translation symmetry is given by vacuum expectation value of 〈∂µφ〉. From this, it is supposed
that the system has shift symmetry which also implies the absence of non-derivative coupling.
We are considering the spherically symmetric black holes with scalar hair which enjoys the same
symmetry as the black hole metric. Hence, we have φ ≡ φ(r), and therefore, 〈∂rφ〉 6= 0. Given the
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effective action we derived in the previous section, we consider following two functions of the basic
composite field variable X = −1/2(∂φ)2 as P (X) = −αX2 + βX4, and F (X) = M˜3gµν∂µX∂νX.
For our purpose, we call P (X) as kinetic potential term and F (X) as kinetic gradient term. All the
parameters, α, β, are positive dimensionful constant with α = M˜−41 , β = M˜
−12
2 and M˜3 ≡ M˜−63 .
All M˜ ’s are of dimension one. The Lagrangian for the above scalar hair will be expressed as
Lφ =
√−g [P (X) + F (X)] ,
=
√−g
[
−M˜−41 X2 + M˜−122 X4 + M˜−63 gµν∂µX∂νX
]
. (33)
The expression for the action will be
S =
∫
d4x
[√−gM2Pl
2
R−Lφ + J
]
, (34)
where, J is the parameter we will tune to get different values of the cosmological constant. Here,
we will not discuss this fine tuning issue. Our goal of this paper would be to understand the
quasinormal modes of those hairy black holes, where the condensed spherically symmetric scalar
hair contributes to the effective cosmological constant which can add up with the bare cosmological
constant parameterised by J . The expression for the stress-energy tensor appears to be
Tµν = −P (X)gµν + J gµν − 2P ′(X)∂µφ∂νφ− F (X)gµν
+ 2M˜−63 ∂µX∂νX − 4M˜−63 gαβ∂α(∂µφ∂νφ)∂βX. (35)
At the minimum of the kinetic potential, P (X) = −M˜−41 X2 + M˜−122 X4 ,
X0 = ±
√
M˜122
2M˜41
=
M˜62√
2M˜21
≡ ±c, (36)
the energy momentum tensor takes the following form,
Tµν = −P (X0)gµν + J gµν . (37)
Therefore, by appropriate choice of the value of J , we can have spherically symmetric hairy
black holes which are asymptotically dS/AdS/flat. The solution for the scalar field is therefore
parametrised by
P ′(X0) = 0, F (X0) = 0, ∂µX0 = 0,
⇒ φ0(r) = c1/2
∫
dr
(f(r))1/2
. (38)
At this point, it is worth pointing out that for X0 > 0 the solution must be of the cosmological
type which is precisely the ghost condensation model [21]. However, in order to have scalar hair
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with the same symmetry as that of the black hole, we need to consider X0 < 0. Considering the
value of X0, one arrives at P (X0 = −c) = − M˜
12
2
4M˜81
< 0 which contributes negative cosmological
constant (AdS) in the background. Therefore, by tuning the value of J , we can also obtain dS
and Schwarzschild solutions. Once we have spherically symmetric hair, the Lagrangian for the
Goldstone fluctuation φ = φ0(r) + ϕ(x), turns out to be
Lϕϕ =
[
4
[
4M˜−122 (g
rr)4(∂rφ0)
6 + M˜−63 g
rr[∂r(g
rr∂rφ0)]
2
]
(∂rϕ)
2 + 4M˜−63 g
rr(grr∂rφ0)
2(∂2rϕ)
2
+ 8M˜−63 (g
rr)2∂rφ0∂r(g
rr∂rφ0)∂rϕ∂
2
rϕ− 4M˜−63 grr(∂rφ0)2(∂rϕ˙)2
+ 4M˜−63 g
ij(grr∂rφ0)
2(∂r∂iϕ)(∂r∂jϕ) + 16M˜
−12
2 X
2
0g
rr∂rφ0(g
µν∂µϕ∂νϕ)∂rϕ
+ 4M˜−63 g
µν∂µ
(
grr∂rφ0∂rϕ
)
∂ν
(
gαβ∂αϕ∂βϕ
)
+ 32M˜−122 X
2
0 (g
rr)2∂rφ0(∂rϕ)
3
]
. (39)
Now, let us mention the connection between the scalar field fluctuation δφ = ϕ(x) with the previ-
ously discussed Goldstone boson mode in the gravity sector. Considering the general coordinate
transformation r → r + pi, the scalar field transforms as
φ′(x′) = φ0(r + pi) + ϕ(r + pi) = φ0(r) + ϕ(x) + pi(x)φ′0(r) +O(pi2). (40)
Hence, to the linear order the scalar field fluctuation ϕ is identified with the Goldstone mode pi(x)
as
δφ(r) ≡ ϕ = −piφ′0(r). (41)
More importantly, in the spherically symmetric hairy background, the kinetic potential term P (X)
does not contribute to the time variation of the fluctuation. This is the reason we have introduced
kinetic gradient term F (X). Therefore, X can be thought of as an effective composite degree of
freedom which is behaving like a Higgs field and the formation of spherically symmetric hair is
essential and is similar to the well known Higgs mechanism in terms of the composite field X of
dimension four operator. By combining the bare cosmological constant J and the vacuum of the
scalar field hair, the net effective cosmological constant is expressed as
Λ =
3
l2c
=
1
M2p
(
M˜122
4M˜81
+ J
)
=
1
M2p
(
X20
2M˜41
+ J
)
. (42)
The dependence of cosmological constant on scalar hair is seen in the above equation. The governing
equation for the radial component of the scalar field fluctuation ϕ(x) = e−iωtS(r)Ylm(θ, φ) will take
the form of the following fourth order differential equation,
S
′′′′
(r) + 4
(
f ′(r)
f(r)
+
1
r
)
S′′′(r)
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−
[
2M˜63
M˜41 f(r)
− 9f
′2(r)
4f2(r)
− 5f
′′(r)
2f(r)
− 9f
′(r)
f(r)r
− 2
r2
− ω
2
f2(r)
+
l(l + 1)
f(r)r2
]
S′′(r)
−
[
2
M˜63
M˜41
(
f ′(r)
f2(r)
+
2
f(r)r
)
− f
′(r)f ′′(r)
f2(r)
− 3f
′2(r)
2f2(r)r
− f
′′′(r)
2f(r)
− 2f
′′(r)
f(r)r
− f
′(r)
f(r)r2
− 2ω
2
f2(r)r
+
l(l + 1)f ′(r)
f2(r)r2
]
S′(r) = 0. (43)
In order get the numerical solution for the quasinormal modes, it is convenient to express the
above equation in terms of the dimensionless coordinate r˜ = rr0 , theory parameter m
2
0 =
M˜63 r
2
0
M˜41
and
W 20 = (r0ω)
2. So the above equation in the new coordinate is
d4S(r˜)
dr˜4
+ 4
(
f ′(r˜)
f(r˜)
+
1
r˜
)
d3S(r˜)
dr˜3
−
[
2m20
f(r˜)
− 9f
′2(r˜)
4f2(r˜)
− 5f
′′(r˜)
2f(r˜)
− 9f
′(r˜)
f(r˜)r˜
− 2
r˜2
− W
2
0
f2(r˜)
+
l(l + 1)
f(r˜)r˜2
]
d2S(r˜)
dr˜2
−
[
2m20
(
f ′(r˜)
f2(r˜)
+
2
f(r˜)r˜
)
− f
′(r˜)f ′′(r˜)
f2(r˜)
− 3f
′2(r˜)
2f2(r˜)r˜
− f
′′′(r˜)
2f(r˜)
− 2f
′′(r˜)
f(r˜)r˜
− f
′(r˜)
f(r˜)r˜2
− 2W
2
0
f2(r˜)r˜
+
l(l + 1)f ′(r˜)
f2(r˜)r˜2
]
dS(r˜)
dr˜
= 0 (44)
This is the final master equation which we will be analysing for two different black hole backgrounds.
Extra care must be taken as our master equation is fourth order in the derivative. We have two
theory parameters (m0, X0) which are functions of (M˜1, M˜2, M˜3). X0 sets the background value
of the cosmological constant and also provides a scalar field profile. Now, in the following two
sub-sections, our goal would be to compute the quasinormal modes considering asymptotically flat
Schwarzschild and Schwarzschild de Sitter background. The value of X0 will be determined by the
present value of the cosmological constant of our universe. For our analysis we consider two sample
values of m20 = 10
−1 and 10−6.
A. Quasinormal mode analysis in asymptotically dS/flat hairy black holes
In anti-de Sitter space, we already know the existence of spherically symmetric scalar hair
[15, 16] for minimally coupled and two derivative scalar field. However, for asymptotically dS/flat
black hole background it has been proved to be very difficult to find a hairy solution where hair
also enjoys the same symmetry as the black holes. However, if one relaxes these assumptions,
the time-dependent scalar hair in the spherically symmetric black holes have already been found
[9]. However, for a general shift symmetric scalar field theory known as Horndeski theory with an
additional non-minimal coupling with Gauss-Bonnet gravity, can give rise to spherically symmetric
scalar hair as has recently been shown in [22]. To the best of our knowledge, we are for the first
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time pointing out the existence of scalar hair with same symmetry as that of the black holes for a
minimally coupled but higher derivative scalar field theory introduced earlier.
For simplicity, we also consider the shift symmetric theory, which we found easy to construct,
observing the effective theory Lagrangian derived in previous sections. Our goal in this subsection
would be to understand the behaviour of quasinormal mode frequencies in the aforementioned
hairy black hole background for asymptotically flat and dS black holes. AdS black holes will be
discussed in a separate publication with their implications to AdS/CFT in details.
Before going into the discussion of the quasinormal frequencies for black holes in the above-
mentioned background, a little bit discussion on black hole perturbations and corresponding
quasinormal modes are in order. A perturbed black hole is generally described by the metric
gαβ = g
0
αβ+δgαβ, where g
0
αβ is the background space time, i.e. the space time of the non-perturbed
black hole and δgαβ denotes the perturbation over the background. In the linear approximation, the
perturbations δgαβ are much less than the background, i.e. δgαβ << g
0
αβ. Once we perturb a black
hole by some fields or by perturbing the metric itself, the background responds to the perturbations
by the emission of gravitational waves which evolves in time in the following three stages: first,
there is a relatively short period of initial outburst of radiation; second, a long period of damped
oscillations dominated by the quasinormal modes and lastly, at very late times the quasinormal
modes are suppressed by power law or exponential tails in certain specific space-time geometries
(see [24–27] for a review). For all practical purposes, the second stage, i.e. the quasinormal ringing
is the most important one in the context of gravitational waves, because these modes carry unique
information about the black hole parameters.
In general, in a spherically symmetric black hole background, the study of perturbations due to
linearised fields (with spin 0, 1 or 2) can be reduced to the study of a Schro¨dinger like second order
differential equation. To determine the oscillation modes of a black hole, which corresponds to the
solutions of the mentioned differential equation, one has to impose physically motivated boundary
conditions at the two boundaries of the problem, viz. at the horizon and spatial infinity. For the
spacetimes of our interest, the potential in the Schro¨dinger like equation goes to zero at the horizon
and at asymptotic infinity/cosmological horizon, and in this limit solutions to the wave equations
are purely ingoing at the horizon and purely outgoing at infinity. This means that at the classical
level, nothing should leave the horizon and nothing should come out from infinity to disturb the
system.
Quasinormal modes differ from other problems involving small oscillations in the sense that the
black hole system is dissipative. Waves can move either to infinity or into the black hole horizon.
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Therefore, a normal mode analysis of the system is not possible. However, there exists a discrete
infinity of quasinormal modes, which are defined as eigenfunctions of the operators describing the
governing equation of the perturbation, which satisfies the above-mentioned boundary conditions.
The corresponding eigenfrequencies consist of a real and an imaginary part, the latter is related to
the damping time of the mode. Quasinormal frequencies are sorted out generally by their imaginary
part and are labeled by an integer n, which, in the literature is called the overtone number. The
fundamental quasinormal mode corresponding to the overtone number n = 0 is the least damped
mode, and it usually dominates the ringdown waveform because it has the smallest imaginary part
and therefore it is the longest-lived mode.
We have already introduced the dimensionless coordinates, with the help of that the metric in
new coordinate with M0 =
M
r0
= l˜
2−
2l˜2
and l˜2 = l
2
c
r20
takes the following form,
f(r˜) = 1− 2M0
r˜
+ 
r˜2
l˜2
. (45)
We will employ the usual numerical methodology to solve for the quasinormal modes of the system.
In the usual quasinormal mode analysis, most of the cases the governing equation is Schro¨dinger
like wave equation. Therefore, by looking at the effective potential various analytical approximate
methods have been developed over the years. However, for the present case, our equation is fourth
order. Therefore, we will solve the problem numerically. In the transformed coordinate, the near
horizon limit namely, in r˜ → 1, the master equation will take the following form,
S
′′′′
(r˜) + 4
S′′′(r˜)
(r˜ − 1) +
(
9
4
+
W 20
f ′2(1)
)
S′′(r˜)
(r˜ − 1)2 −
(
2m20
f ′(1)
− f
′′(1)
f ′(1)
− 3
2
+
l(l + 1)
f ′(1)
− 2W
2
0
f ′2(1)
)
S′(r)
(r − 1)2 = 0.
(46)
Assuming the near horizon solution to be S(r˜) = (r˜ − 1)ν we get,
ν(ν − 1)
{
ν2 − ν − 2 +
(
9
4
+
W 20
f ′2(1)
)}
= 0. (47)
We have four roots which are ν = 0, 1, and
ν± =
1
2
± iW0
f ′(1)
. (48)
For the asymptotically flat Schwarzschild and Schwarzschild de Sitter black holes the above two
imaginary roots will take the following forms respectively,
ν±Sch =
1
2
± iW0, (49)
ν±dS =
1
2
± iW0 l˜
2
l˜2 − 1 , (50)
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where, “+” corresponds to outgoing and “−” corresponds to ingoing mode near the horizon of the
black hole. For very large values of l˜2 we will have ν±Sch ∼ ν±dS . From Eq. 44, we have only one free
parameter in the theory which is m20. In the following two sub-sections our goal would be to find
out the behaviour of the Goldstone mode in the asymptotic region and the associated quasinormal
frequencies.
B. Quasinormal frequencies for asymptotically flat Schwarzschild black hole
This section will deal with numerically finding out the quasinormal frequencies for the asymp-
totically flat Schwarzschild black holes with a scalar hair as discussed in the previous sections. We
employed the method developed by Chandrasekhar and Detweiler [23] for finding the quasinormal
frequencies. The procedure is to integrate the equation numerically by using “shooting” from both
the end of the radial coordinate. Two asymptotic solutions, one near the horizon with the ingoing
mode (r˜− 1)ν− and another one near the asymptotic infinity with the outgoing mode (r˜− 1)ν+ are
matched at some intermediate point r˜int. While doing this matching we need to make sure that at
the matching point the two aforesaid solutions assume the same numerical value and their deriva-
tive or in other words, the Wronskian of the two solutions must vanish. Given the fixed boundary
conditions near the horizon and at the infinity, the above matching condition will follow only for
certain discrete but complex values of the frequency W0. This gives us the required quasinormal
frequencies. However, while doing this numerical analysis, we need to judiciously choose the value
of the intermediate point and the numerical infinity r˜inf so that the frequency obtained remains
stable. Within the range of r˜inf = (50, 100) with a given value of the intermediate point r˜int ∼ 7
we found stable quasinormal frequencies. One of the main difficulties probably lies in the fact that
our equation is higher derivative in nature, and we can not extract a well-defined potential which
generically exits in the usual quasinormal mode analysis. Importance of the effective potential is
that its nature along the radial coordinate provides valuable information while doing numerical
quasi-normal mode analysis. Hence in addition to non-applicability of standard analytic WKB
method which we have used already in the previous section, numerical analysis for present higher
derivative equation also becomes non-trivial. In fact, at both the boundaries, the general solu-
tion of our differential equation is a mixture of exponentially growing and exponentially decaying
modes and one needs to choose the pure exponentially growing modes to calculate the quasinor-
mal frequencies. Numerically, too large values of the radial coordinate attract contributions from
unwanted exponentially suppressed modes and these may become significant after the integration.
This gives rise to different values of frequency for different choices of infinity in the same mode.
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l = 1 l = 2 l = 3
n W0R − iW0I W0R − iW0I W0R − iW0I
1 0.728− 0.218i 0.965− 0.242i 1.153− 0.206i
2 0.871− 0.313i 1.444− 0.424i 1.721− 0.337i
3 1.302− 0.416i 1.628− 0.429i 2.132− 0.450i
4 1.594− 0.447i 2.038− 0.451i 2.436− 0.456i
5 1.979− 0.456i 2.377− 0.465i 2.800− 0.470i
6 2.336− 0.469i 2.742− 0.474i 3.151− 0.479i
7 2.704− 0.477i 3.102− 0.483i 3.510− 0.487i
8 3.069− 0.486i 3.466− 0.490i 3.871− 0.494i
9 3.437− 0.492i 3.831− 0.497i 4.233− 0.500i
10 3.804− 0.498i 4.196− 0.503i 4.596− 0.506i
TABLE I: Quasinormal frequencies of Schwarzschild black hole for overtone numbers n = 1 to 10 for
m20 = 10
−6. Different multipole numbers (l = 1 to 3) corresponding to the different overtones are shown in
the table.
l = 1 l = 2 l = 3
n W0R − iW0I W0R − iW0I W0R − iW0I
1 0.770− 0.208i 1.026− 0.219i 1.211− 0.194i
2 0.905− 0.304i 1.466− 0.442i 1.756− 0.332i
3 1.331− 0.418i 1.651− 0.410i 2.147− 0.451i
4 1.613− 0.437i 2.055− 0.449i 2.451− 0.451i
5 1.996− 0.453i 2.391− 0.461i 2.812− 0.468i
6 2.350− 0.466i 2.754− 0.472i 3.162− 0.477i
7 2.716− 0.475i 3.113− 0.481i 3.520− 0.486i
8 3.081− 0.484i 3.476− 0.489i 3.879− 0.493i
9 3.447− 0.491i 3.840− 0.496i 4.241− 0.499i
10 3.813− 0.497i 4.205− 0.502i 4.604− 0.505i
TABLE II: Quasinormal frequencies of Schwarzschild black hole for a different value of m20 = 10
−1.
This problem is generally avoided by choosing small values of numerical infinities, but keeping large
enough order in the series expansion.
Keeping all these things in mind, in order to proceed, we first figure out the asymptotic behaviour
of the solution for the Goldstone mode fluctuation pi in r →∞ limit. For asymptotically flat black
holes, the master Eq.44 takes the following asymptotic form as
S′′′′(r˜) +
4
r˜
S′′′(r˜) +
(
W 20 − 2m20
)
S′′(r˜) +
2
r˜
(
W 20 − 2m20
)
S′(r˜) = 0. (51)
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FIG. 3: Plot of the real and imaginary parts of W0 for the Schwarzschild black hole for the first 10 overtones
The corresponding general solution turns out to be
S(r˜) ∼ −B1
r˜
−B2 e
−ir˜
√
W 20−2m20
r˜(W 20 − 2m20)
+B3
ieir˜
√
W 20−2m20
2r˜(W 20 − 2m20)3/2
+B4, (52)
where, B’s are the integration constants fixed by the appropriate boundary conditions. The out-
going boundary condition is fixed by the mode corresponding to the coefficient of B3, and the
condition on the theory parameters should be 2m20 =
4M˜63 r
2
0
c2
< W 20 . Another important point we
want to make at this point is that as the spacetime is asymptotically flat, the bare cosmological
constant J satisfies
Λ =
3
l2c
=
1
M2p
(
M˜122
4M˜81
+ J
)
= 0, (53)
which immediately sets the bare value of the cosmological constant in term of our theoretical
parameters. With this ingredient, we further proceed to solve for the quasinormal modes for a class
of asymptotically flat Schwarzschild black holes. In the numerical integration method described
above, we express the solution for S(r˜) for finite but large r˜ as an infinite series as
S(r˜) =
eir˜
√
W 20−2m20
r˜
H(r˜) = eir˜
√
W 20−2m20
∞∑
n=0
gn
r˜n+1
. (54)
We have obtained the quasinormal frequencies using the numerical integration and by fixing
different guess values of the frequency and found out stable values corresponding to different
overtones. These are tabulated in Table (1) and (2). The nature of these frequencies thus obtained
differs significantly from the nature of the pure Schwarzschild quasinormal frequencies. As the
overtone number increases, the real oscillation frequency increases rapidly which is just the opposite
behaviour when compared to the Schwarzschild black hole. On the other hand, it is known that
the fundamental overtone will have the lowest damping and therefore the longest life. This feature
is present here, however, the rate of increase of the imaginary part of the frequency in our case
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is slow compared to the Schwarzschild black hole. The real vs imaginary parts of the complex
quasinormal frequencies for different m20, overtones n and multipole number l are plotted in Fig.
(3).
C. Quasinormal frequencies for Schwarzschild de Sitter black holes
We come to the final example of the applicability of our theory and will numerically find out the
quasinormal frequencies for Schwarzschild de Sitter black holes. Similar to the discussion stated
in detail for the asymptotically flat black holes, the asymptotic master Eq.44 in r → ∞ for the
present case takes the following form,
S′′′′(r˜) +
12
r˜
S′′′(r˜) +
(
34− 2m
2
0l
2
c

)
S′′(r˜)
r˜2
+
(
2− m
2
0l
2
c

)
8
r˜3
S′(r˜) = 0. (55)
Taking the asymptotic solution to be of the form, S(r˜) = r˜−p, the solution of the above equation
for  = −1 (dS black hole), one finds p = 0, 3 and following conjugates
p+ =
1
2
(
3 +
√
9− 8m20 l˜2
)
,
p− =
1
2
(
3−
√
9− 8m20 l˜2
)
.
The outgoing boundary condition sets an important constraint on our theoretical parameter, which
is given by 9 < 8m20 l˜
2. Similar to the Schwarzschild case discussed before we consider the following
ansatz for the solution at the asymptotic infinity taking into account outgoing mode (r˜−p− ≡
e−p− ln r˜), as
SdS(r˜) = e
−p− ln r˜
∞∑
n=0
gn
r˜n
≡ e−p− ln r˜HdS(r) (56)
Applying the same numerical method we again solve for HdS function. However, in order to solve
numerically, we have taken into account the following constraints. The condition of outgoing mode
at the horizon gives us lower bound on m0 as
9
8l˜2
< m20 =
6M˜63
X20 l˜
2
M2Pl (57)
The above equation exhibits the dependence of our model parameter m0 on the scalar hair
parametrised by X0. Now, since for our present study we are considering the Schwarzschild de
Sitter black hole, assuming J = 0, the value of the de Sitter cosmological constant can be set by
the non-zero scalar hair X0. Therefore, combining the above condition Eq.57 with the value of the
cosmological constant Eq.42, we can find the following constraint on our model parameter space
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l = 1 l = 2 l = 3
n W0R − iW0I W0R − iW0I W0R − iW0I
1 0.743− 0.261i 0.950− 0.217i 1.151− 0.203i
2 1.453− 0.420i 1.653− 0.334i
TABLE III: Quasinormal frequencies of Schwarzschild-dS black hole for m20 = 10
−6 and l˜2 = 108
l = 1 l = 2 l = 3
n W0R − iW0I W0R − iW0I W0R − iW0I
1 0.818− 0.243i 1.014− 0.204i 1.208− 0.192i
2 1.495− 0.417i 1.690− 0.333i
TABLE IV: Quasinormal frequencies of Schwarzschild-dS black hole for m20 = 0.1 and l˜
2 = 108
as,
3M2PlM˜
12
2
32M˜41
< M˜63 (58)
Our goal is to establish a possible connection with the observations and to extract the possible al-
lowed range of values of the model parameters (M˜1, M˜2 and M˜3). Therefore, we assume our present
modified gravity model with the higher derivative scalar field Eq.34 as a phenomenological model
for our Milky way black hole with the present value of the cosmological constant of our universe.
Therefore, we identify our theoretical value of the cosmological constant Λth = M˜
12
2 /(4M˜
8
1M
2
p ) to
that of the observed value Λth = Λobs ∼ 10−47GeV 2 ∼ 10−123M2Pl, and also take the size of the
supermassive black hole at the centre of the Milky way galaxy to be r0 ≈ 1.17×1010m. With those
values one can arrive at the following constraint on our theory parameters,
1.6× 10−53r20m−2 <m20 ⇒ 9.45× 10−85GeV 2 <
M˜63
M˜41
(59)
⇒ 0.1875c2 <M˜63M2Pl (60)
⇒ 0.375 < M˜
6
3
M˜41 Λ
. (61)
For the above constraint equation, we consider m0 = 10
−6. As an example, choosing following set
of numerical values of the parameters M˜1 ∼ 10−7/4 GeV and M˜2 ∼ 10−5 GeV we get the condition
m20 = 4
M˜63 M˜
4
1 Λ
M˜122
M2Plr
2
0 ∼ 4× 106(M2PlM˜63GeV −6r20) (62)
which leads to m20 ∼ 10−6 in unit of r0 choosing M˜3 = 10−2GeV . Our numerical results for the
quasinormal modes are given in the table III,IV for two set of m20. For this case, our numerical
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analysis was not stable enough to give the quasinormal modes for higher overtones. However,
qualitative behaviour of the modes remains same as that of the Schwarzschild black hole case
discussed earlier.
IV. CONCLUSION
Effective field theory is a powerful approach towards understanding the low energy behaviour
for a wide range of physical phenomena. In the present paper, we applied this approach towards
understanding black holes in a model-independent manner. In order to probe any physical system,
the behaviour of fluctuation in a certain background under consideration is most important. In
this paper, we consider black hole space time with hair as a particular type of background whose
properties can only be understood by looking at the nature of fluctuation around it. The conven-
tional effective field theory approach deals with writing down the theory of background itself in
terms of fundamental fields. In the present context, the approach was to consider prior existence
of a background of interest and then write down the most general theory for the fluctuations in
the given background based on the symmetry. This is the approach which has been successfully
applied in the inflationary cosmology which is popularly known as an effective theory of inflation.
In this paper, we apply the same technique in the background of spherically symmetric black holes
with hair which also enjoys the same symmetry. As mentioned earlier our current investigation is
motivated by the following question: does the effective theory of black holes provide any information
about the possible existence of hair?
We have first written down the most general model-independent effective Lagrangian for the
fluctuation in a given hairy black hole background. For our detailed analysis, we have considered
an asymptotically flat and de-Sitter black hole background. In which the background cosmological
constant is assumed to be generated from the hair. Generally, the behaviour of fluctuation encodes
important information about background hair. Therefore, in order to understand the behaviour of
the fluctuation we have chosen a particular set of effective theory parameters. By using the sixth
order WKB approximation, associated with those fluctuations we have computed the quasinormal
modes which appeared to carry different features when compared with that of usual black holes
quasinormal modes. In general, for the four-dimensional Schwarzschild black hole in the asymp-
totically flat/dS background, the real oscillation frequency of the quasinormal modes decreases
and imaginary part of the frequency increases with the increase of the overtone number (n) while
the multipole number (l) is kept fixed. Interestingly what came out from our quasinormal mode
analysis for the effective field theory fluctuation is that both the real and imaginary frequencies
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increase with increasing overtone number. Motivated by our effective field theory analysis, we also
constructed a class of higher derivative scalar field theory. For this theory also we confirmed the
aforementioned interesting behaviour of the quasinormal modes.
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